Abstract: This paper deals with the investigation of nonlinear free vibration behavior of elastically supported carbon nanotube reinforced composite (CNTRC) beam subjected to thermal loading with random system properties. Material properties of each constituent's material, volume fraction exponent and foundation parameters are considered as uncorrelated Gaussian random input variables. The beam is supported by a Pasternak foundation with Winkler cubic nonlinearity. The higher order shear deformation theory (HSDT) with von-Karman nonlinearity is used to formulate the governing equation using Hamilton principle. Convergence and validation study is carried out through the comparison with the available results in the literature for authenticity and accuracy of the present approach used in the analysis. First order perturbation technique (FOPT),Second order perturbation technique (SOPT) and Monte Carlo simulation (MCS) methods are employed to investigate the effect of geometric configuration, volume fraction exponent, foundation parameters, distribution of reinforcement and thermal loading on nonlinear vibration characteristics CNTRC beam.The present work signifies the accurate analysis of vibrational behaviour influences by different random variables. Results are presented in terms of mean, variance (COV) and probability density function (PDF) for various aforementioned parameters.
Introduction
Carbon nanotubes (CNTs), a new high technological advanced material of extraordinary strength and stiffness with high aspect ratio and low density, have seized considerable attention of researchers since last several decades, Iijima [1] . Motivated by their extraordinary mechanical properties, carbon nanotubes (CNTs) have great potential for being used for reinforcement of high strength and light-weight polymer composites, Thostenson et al. [2] , Lau et al. [3] . Many researchers have paid much attention on the mechanical properties of carbon nanotube-reinforced composites (CNTRC), Wuite and Adali [4] , Vodenitcharova and Zhang [5] . Hu et al. [6] evaluated the macroscopic elastic properties of CNTRC by analyzing the elastic deformation of a representative volume element under several loading conditions. Using molecular dynamics (MD), Han and Elliott [7] simulated the elastic properties of polymer/carbon nanotube composites. Wan et al. [8] investigated the effective moduli of the CNT reinforced polymer composite, with emphasis on the influence of CNT length and CNT matrix inter phase on the stiffening of the composite.
The study of the vibration characteristics of the structure resting on elastic foundation is an important concern while designing resonant-free structural components. It is noteworthy that during the vibration analysis of such type of beam, uncertainty in the foundation parameters and material non-linearity cannot be avoided in a real time manner.
A considerable spectrum of literature is available on the linear and nonlinear free vibration response of geometrically nonlinear composite panels such as beam, plate and shells supported by and without foundation subjected to thermo mechanical loadings using deterministic system properties. In the same direction, Shooshtari and Rafiee [9] presented the nonlinear forced vibration response of functionally graded based on Euler-Bernoulli beam theory and von Karman geometric nonlinearity. Yang and Chen [10] investigated free vibration and buckling analysis of FGM beam with open crack at their edge by using BernoulliEuler beam theory and the rotation spring model. LiaoLiang Ke et al. [11] investigated the nonlinear free vibration of functionally graded nanocomposite beams reinforced by single-walled carbon nanotubes (SWCNTs) based on Timoshenko beam theory.
Kitipornchai et al. [12] derived the eigenvalue equation by using Ritz method via direct iterative method to generate the nonlinear forced vibration of a cracked FGM beam with different end supports based von Karman geometric nonlinearity. Sina et al. [13] formulated the analytical solution for a free vibration of FGMs beam using first order shear deformation theory (FSDT). Aydogdu [14] used various higher order shear deformation theories and classical beam theories to obtain free vibration frequencies and mode shapes for different material properties and slenderness ratios. Shen and Xiang [15] studied the behaviors of large amplitude vibration, nonlinear bending and thermal post buckling of elastically supported nanocomposite beams reinforced by SWCNTsin thermal environments. S. Boutaleb et al. [16] proposed a micromechanical analytical model for the problem of stiffness and yield stress prediction in the case of nanocomposite consisting of silica nanoparticles embedded in a polymer matrix.
Devalve and Pitchumani [17] presented a numerical model to describe the vibration damping effects of CNT's embedded in the matrix of fiber-reinforced composite materials used in rotating structures.KE et al. [18] presented a dynamic stability analysis of functionally graded nanocomposite beams reinforced by SWCNTs based on Timoshenko beam theory. Yas and Samadi [19] investigated stability and dynamic analysis of nanocomposite Timoshenko beams reinforced by SWCNTs resting on an elastic foundation and governing equations are derived through using Hamilton's principle and then solved by using the generalized differential quadrature method (GDQM). Rao and Varma [20] presented thermal post buckling and large-amplitude vibration formulations of beams. Mehdipour et al. [21] investigated the effects of the curvature or waviness and midplane stretching of the nanotube on the nonlinear frequency by utilizing He's Energy Balance Method (HEBM).
However, a few literatures are available on the linear and nonlinear vibration of CNTRCs and composite structures resting on elastic foundation. Lee and Chang [22] analyzed the vibration of fluid-filled SWCNTs embedded in an elastic medium by using the Winkler -type model. Pradhan and Murmu [23] used nonlocal beam theory and Winkler foundation model for vibration analysis of beam surrounded by elastic medium. Murmu and Pradhan [24] used nonlocal elasticity theory to study of thermo-mechanical vibration of a SWCNT embedded in an elastic medium. Yoon et al. [25] used the multiple-elastic beam model for the vibration analysis of multiwall carbon nanotubes surrounded in an elastic medium. These works were based on nonlocal Euler-Bernoulli beam model. The Timoshenko beam theory considers the shear deformation and the rotary inertia effect into account, is more accurate than the Euler-Bernoulli beam theory, Timoshenko et al. [26] . Chaudhari and Lal [27] investigated the nonlinear behavior of shear deformable CNTRC beam using finite element method. Fantuzzi et al. [28] investigated the agglomeration behavior of the reinforcing phase for fluctuating values of the parameters that control both the density of CNTs within the spherical inclusions, and the quantities of nanofibers scattered in the polymeric matrix. Tornabene et al. [29] studied the linear static response of nanoplates and nanoshells are considerably affected by the agglomeration of CNT.
The above mentioned literatures are based on deterministic analysis. In the deterministic analysis, the mean value of material properties gives only mean response and unaccounted deviation caused due to inherent material properties. However, the studies related to stochastic analyses are limited. Certain effort have been made in the past by the researchers to predict the structural response of structures with random system properties.
In this direction, Shegokar and Lal [30] investigated second order statistics of large amplitude free flexural vibration of shear deformable functionally graded materials (FGMs) beams with surface-bonded piezoelectric layers subjected to thermo piezoelectric loadings with random material properties. Vanmarcke and Grigoriu [31] evaluated the second order statistics of deflection behavior of beam using random material properties and rigidity via correlation method. Kaminski [32] evaluated bending response using second order perturbation and second order probabilistic moment method via stress-based finite element method. Locke [33] presented the thermally buckled and vibration analysis for large deflection response using iterative techniques and method of linearization. Onkar et al. [34] presented the generalized force nonlinear vibration of laminated composite plate with random material properties using classical plate theory (CLT) combined with FOPT. Kitipornchai et al. [35] studied the vibration composed by the third order shear deformation theory with random material effect using FOPT incorporating mixed type and semi analytical approach to derive the standard eigenvalue problem.
Shaker et al. [36] presented the stochastic finite element method (SFEM) to investigate the natural frequency of composite laminated and functionally graded plates HSDT based on first order reliability method and second order reliability method. Lal et al. [37, 38] evaluated the linear and nonlinear free vibration response of laminated composite plates with and without resting on elastic foundation and thermal environment using HSDT. Jagtap et al. [39] examined the stochastic nonlinear free vibration response of FGM plate using HSDT with von-Karman kinematic nonlinear via direct iterative based stochastic finite element method.
It is evident from the literature that limited literature is reported on the laminated composite structures with uncertain system properties. However, a very few studies are available on the linear and nonlinear vibration analysis of the composite plates with random material properties with or without elastic foundation. The literature reveals that no attempt has been made to study the nonlinear free vibration response of uncertain CNTRC beam resting on nonlinear elastic foundations using SOPT and MCS in the framework of the HSDT with von-Karman nonlinearity, to the best of the authors' knowledge.
In the present study, both material thermo mechanical properties of CNTRC, matrix and foundation parameters are treated as normal Gaussian uncorrelated random variables in a stochastic finite element method by SOPT with taking advantageous of MCS for predicting the natural frequency of CNTRC elastically supported beam. The effect of geometric configuration, volume fraction exponent, foundation parameters, distribution of reinforcement and thermal loading on nonlinear vibration characteristics CNTRC beam is investigated. Results are shown in terms of mean, variance (COV) and probability density function (PDF) for various aforementioned parameters. 
Formulations

Geometric configuration
Consider a CNTRC beam supported by nonlinear elastic foundation consist of linear and nonlinear spring and shear foundation of length a and thickness h located in one dimensional plane with its coordinate definition and material directions of typical lamina in (x, z) coordinate system as shown in Fig. 1 . The CNTRC beam is assumed to be attached to the foundation which is not separable during the process of deformation. The interaction between the beam and the supporting foundation follows the two parameters model (Pasternak-type) with Winkler cubic nonlinearity as [37, 38] .
Where p and w are the foundation reaction per unit area and transverse displacement, respectively, the parameters ∇, K 1 , K 2 and K 3 are Laplace differential operator, linear normal, shear and nonlinear normal stiffnesses of the foundation, respectively.
Material properties of CNTRC beams
The distribution of CNTs is considered in the depth of the composite beams as shown in Fig. 2 . In this figure the density of CNTs within the area is constant and the volume fraction of CNTs varies through the depth of the beam and uniform distribution (UD) and functionally graded distributions (FG-Λ, and FG-X) are shown. In the present analysis an embedded carbon nanotube in a polymer matrix is used. It is assumed the CNTRC beams are made of a mixture of SWCNTs and an isotropic matrix and no abrupt interface between the CNT and polymer matrix in the entire region of the beam. To evaluate the effective material properties of CNTRC, rule of mixture [7, 8] , and [15] is employed. According to rule of mixture model, the effective Young's moduli and shear modulus of CNTRC beams can be expressed as
where
12 , Em and Gm are the Young's moduli and shear modulus of the SWCNTs and matrix, respectively. It has been stated that the load transfer between the nanotube and polymeric phases is less than perfect due to surface effects, strain gradients effects, and intermolecular coupled stress effects, hence, the efficiency parameters η j (j = 1, 2, 3) in Eqs (2-4) is considered. Efficiency parameters will be intended later by matching the elastic moduli of CNTRCs predicted by the MD simulations with the numerical results obtained from the rule of mixture. In addition, Vcn and Vm are the volume fraction of the carbon nanotube (CNT) and the matrix which fulfill the relationship of Vcn + Vm = 1.
Similarly, Poisson's ratio v and mass density ρ of the CNTRC beams can be expressed as:
Where ν cn , ν m ρ cn , and ρ m are the Possion's ratios and densities of CNT and matrix, respectively. The different distributions of the CNTs in the CNTRCs beams depicted in Fig. 2 are assumed to be as follows:
FG-Xcase:
where V * cn is the volume fraction of CNTs and can be evaluated as
Similarly, the effective thermal expansion coefficients in the longitudinal and transverse directions (α 11 (11) It is assumed that the material properties of CNTs and matrix are the functions of temperature, so that the effective material properties of FG-CNTRCs, like Young's modulus, shear modulus and thermal expansion coefficients, are also functions of temperature T and position z.
Displacement field model
For an arbitrary CNTRC beam, the components of the displacement field model can de expressed as the modified displacement field components along x and z directions of an arbitrary point within the beam based on the HSDT using C 0 continuity can be expressed as Chaudhari and
Where u, w, Ψx and ϕ = ∂w ∂x are the mid-plane axial displacement, transverse displacement, rotation of normal to the mid-plane along y-axis and slope along x-axis, respectively
With
The displacement vector for the modified C 0 continuous model can be written as
Strain displacement relation
The total strain vector consisting of linear strain (in terms of mid plane deformation, rotation of normal and higher order terms), non-linear strain (von-Karman type), thermal strains vectors associate with the displacement for CN-TRC beam can be expressed as 
and {ϕ nl } = {︂ ∂w ∂x
}︂
The thermal strain vector {︁ ε T }︁ induced by uniform and non-uniform temperature change can be expressed as
Where {αx} is coefficients of thermal expansion along the x direction, and ∆T is the change in temperature in the CN-TRC beam considered as uniform and non-uniform type.
The uniform change in temperature (∆T) can be expressed as
Where, T is the uniform temperature rise and T 0 is the room temperature and assumed as 300K.
Stress-Strain relation
The relation between stress and strain for the plane-stress case using thermo-elastic constitutive relation can be written as
Strain energy of CNTRC beam
The strain energy (Π 1 ) of the CNTRC beam undergoing large deformation can be expressed as
The linear stain energy (U L ) of the CNTRC beam is given by
and {︁ ε L }︁ are the elastic stiffness matrix and linear strain vector, respectively.
The nonlinear strain energy (U NL ) of the CNTRC beam can be rewritten as
where D 1 , D 2 and D 3 are the elastic stiffness matrices of the CNTRC beam, respectively.
Strain energy due to foundation
The strain energy due to elastic foundation having a shear deformable layer with Winkler cubic nonlinearity is expressed as
The strain energy due to the foundation is expressed as
Work done due to thermal loadings
The potential of work (Π2) storage due to thermal loadings can be written as
The thermal compressive stress/unit length N 0 T can be expressed as
The Eq. (31) can be further written as
Kinetic energy of the CNTRC beam
The kinetic energy (T) of the vibrating FGM beam can be expressed as [27, 36, 37 ]
where ρ and {û} are the density and velocity vector of the FGM beam, respectively.
Finite Element Model
Strain energy of the beam element
The present study includes a C 0 one-dimensional Hermitian beam element having 4 DOFs each node. Chaudhari and Lal [27] expressed as this type of beam element geometry and the displacement vector. 
Where, NE and (e) denote the number of elements and element, respectively. Substituting Eq. (24) 
and {q} are defined as global linear, nonlinear stiffness matrices and global displacement vector, respectively.
Similarly, using finite element model Eq. (34), Eq. (27) after the assembly procedure can be written as
is the global linear and nonlinear foundation stiffness matrices, respectively. Using finite element model Eq. (34), Eq. (29) after summing over the entire element can be written as 
where, [M] is the global consistent mass matrix [27] .
Governing equation
The governing equation for the nonlinear static analysis can be derived using Lagrange equation for a conservative system and can be written as [27] .
By substituting the Eq. (36-39), in Eq. (40) and simplification gives us
The above Eq. (41) is the nonlinear free vibration equation that can be solved literately as a linear eigenvalue problem, assuming that the beam is vibrating in its principal mode in each iteration. For each iteration, Eq. (41) can be expressed as a generalized eigenvalue problem as [27] :
The stiffness matrix [K] consists of linear and nonlinear stiffness matrix, foundation matrix and geometric stiffness matrix [K G ], mass matrix [M], and displacement vector {q} are random in nature, being dependent on the system properties of the structure. Consequently, the nonlinear natural frequency (ω nl ) and its mode shape are random in nature.Therefore the eigenvalue and eigenvectors also become random. In deterministic environment, the solution of Eq. (42) can be obtained using standard solution procedure such as direct iterative, incremental and/ or Newton-Raphson method etc. However, in random environment to obtain the complete solution of Eq. (42), statistical analysis through SOPT and MCS methods combined with direct iterative analysis is required.
Solution approach
A Direct iterative method for nonlinear vibration problem
The nonlinear eigenvalue problem as given in Eq. (42) is assuming that the random changes in eigenvector during iterations does not affect much the nonlinear stiffness matrix and solved by implementing probabilistic approaches [37, 38] .
Stochastic solution approach
In the present non-deterministic analysis, finite element based on FOPT, SOPT and MCS methods are adopted to quantify the structural response uncertainties by making explicit treatment of uncertainties in any or combined quantities. The existing uncertain variations in parameters may have significant effects on the fundamental structural characteristic in the form of nonlinear free vibration; consequently, this uncertain parameter must affect the final design. The FOPT and SOPT based on Taylor series expansion is used to formulate the linear relationship between some characteristics of the random response and random structural constraints on the basis of perturbation tactic. However, the applicability of these methods is limited due to valid for small coefficient of variation (COV) of input random variables [37, 38] . The descriptions of these methods are given as follows. In this method, the stiffness matrix K, mass matrix M and displacement vector q; are expended in terms of the random variable α i which represent the structural uncertainty existing in the CNTRC elastically supported beam, as follows:
where α i = α 0 − α i with α 0 denoting the mean value of random variable α i ,
, and q (0) is the zeroth order of stiffness matrix, mass matrix and eigenvector which are identical to deterministic values, K
, and are the first and second order stiffness matrix,eigenvector, eigenvalue, and mass matrix, respectively.
Substituting Eq. (43) in Eq. (42) and collecting the similar order of terms, following zeroth, first and second order equations are obtained From these mean and covariance matrix of response vector, {ω} can be obtained as
where,
and and m are the standard deviation (SD) of random variables, the correlation coefficient matrix and number of random variables, respectively. In the present analysis, the uncorrelated Gaussian random variable is taken into consideration. Therefore, covariance is equal to the variance.
The variance of the frequency of random variables b i (i = 1, 2, . . . , R) and correlation coefficients can be expressed as
The standard deviation is taken as the square root of variance. The second methodology known as Monte Carlo simulation (MCS) is based on the use of random variables and probabilistic statistics by direct use of a computer to investigate the problem. In the problem, a set of random numbers is generated first to represent the statistical uncertainties in the random structural parameters. These random numbers are then substituted into the deterministic response equation to obtain the set of random numbers which reflect the structural response [37, 38] . This method is very simple and efficient when used with analytical response functions, but becomes computationally expensive when numerical methods are used to calculate the system response.
Results and discussion
The second-order statistics (mean, COV and PDF) of nonlinear fundamental frequency of CNTRC elastically supported beam by varying different foundation parameters, support conditions, slenderness ratios, amplitude ratios, and temperature increments, UD, FG-X and FG-Λ distributed CNTRCwith random system properties is investigated. A C 0 nonlinear finite element method based on direct iterative procedure combined with SOPT and MCS are used to evaluate the statistics of nonlinear fundamental frequency.
The accuracy of the present probabilistic approach is demonstrated by comparing the results with those available in the literatures and by employing MCS.
The basic random variables (b i ) are sequenced and defined as In the present analysis, two combinations of displacement boundary conditions are used: For simply supported (SS): u = w = 0 For clamped (CC): u = w = θx = ψx = 0; One edge is clamped and other is simply supported (CS): u = w = θx = ψx = 0; at x = 0 and u = w = 0; at x = a A stochastic finite element method (SFEM) based on FOPT, SOPT and MCS are used to evaluate the expected mean, coefficient of variation (COV) and PDF on dimensionless natural frequency of CNTRC elastically supported uncertain beam subjected to thermal loading.
The effective material properties of matrix (Polymethyl methacrylate) and the carbon nanotube (CNT)are assumed to be temperature dependent [15] which are given in Table 1. 
Convergence and validation study of second order statistics of transverse central deflation
The convergence study of mean dimensionless fundamental frequency by varying number of elements is examined by the direct iterative procedure is shown in Table 2 . The considerable convergence in frequency parameter is shown as the number of element equal to 50. Therefore, in the present analysis, the total number of elements is taken as 50 until exclusively specified. The accuracy and effectiveness of present deterministic finite element (FE) analysis are examined by comparison of first three non dimensionless natural frequencies with different volume fraction of CNTRC-UD distributed beams is shown in Table 3 . Ke et al. [18] used first order shear deformation theory (FSDT) based semi analytical approach. It is evident from the table that both the results are in good agreement.
A comparison of present FE analysis of nonlinear to linear frequency ratios for an isotropic beam with various amplitude and slenderness ratios is shown in [20] . The validation study of nonlinear to linear frequency ratio and different CNTRC distributed beam resting on Pasternak elastic foundation in thermal environment are shown in Table 5 . The present results using C 0 FEM based on HSDT with von-Karman nonlinearity are in good agreement with Shen and Xiang [15] using HSDT based semi analytical approach.
Parametric study of second order statistics of nonlinear natural frequency
The effect of foundation parameters on nonlinear to linear frequency ratios of CNTRC beam with different CNT reinforcement distribution is shown in Fig. 3 . The following dimensionless fundamental frequency (ω), foundation parameters (k 1 , k 2 and k 3 ) and nonlinear to linear frequency ratio are used in the present analysis are:
The frequency ratio for UD, FG-X, and FG-Λ distributed beam increases with increase the amplitude ratios and foundation parameters. It is inferred from the figure that the frequency ratio is the maximum for UD type CNT reinforcement distribution in all the cases considered in the present study.
In fig. 4 , the effect of volume fraction exponent on the vibration behavior of CNTRC beam with different CNT reinforcement distribution is depicted. The frequency ratio for UD, FG-X, and FG-Λ distributed beam increases with increase the amplitude ratios, and volume fraction. This is due to the fact that, as the volume fraction increases, CNT reinforcement increases in the composite beam. In the consequence, stiffness increases, therefore natural frequency increases. Among the given different CNTRC distribution, The UD distributed CNTRC gives the highest frequency ratio for both the conditions i.e. with and without elastic foundation.
The effect of thermal environment on frequency ratios of CNTRC beam with different distribution is shown in Fig. 5 . The frequency ratio for UD, FG-X, and FG-Λ distributed beam increases with an increase in the temperature and the amplitude ratios. Among the given different CNTRC distribution, the frequency ratio of UD distributed CNTRC is highest in all the cases considered in the study. Table 6 shows the effects of individual random variables (b i ) on the dimensionless mean and COV of fundamental frequency of CNTRC elastically supported beam with UD and FG -X CNTRC distribution by assuming all system properties {b i , (i = 1to16) = 0.10} as uncorrelated random variables using SOPT and MCS under uniform pressure. Among the random system properties, beam is more sensitive in terms of the mean and COV of natural frequency to random change in E cn 11 , Vcn, Vm and K 2 . Tight controls of these random parameters are required for high reliability of CNTRC elastically supported beam. The statistics results using MCS are very close to SOPT results which show the efficacy of present approaches. Table 7 shows the effects of different foundation parameters, CNTRC distribution and temperature increments with uncorrelated random system properties {b i , (i = 1to16) = 0.10} on the dimensionless mean and COV of nonlinear fundamental frequency of CNTRC beam using SOPT subjected to temperature dependent material prop- erties for V * cn = 0.17, Wmax/h = 1.0. For the same foundation parameter, temperature increments and CNTRC distribution, as the slenderness ratio increases the mean fundamental frequency decreases and corresponding COV decreases. For the same slenderness ratio, temperature increments and CNTRC distribution, as the foundation parameters increase the mean fundamental frequency increases and corresponding COV decreases. It is because of foundation parameters increase the stiffness of the plate. For the same slenderness ratio, foundation parameter and CN-TRC distribution, as the temperature increases the mean fundamental frequency decreases and corresponding COV decreases. It is because of temperature increment lowers the stiffness of the beam. For the same slenderness ratio, foundation parameter and temperature increments, among the given CNTRC distributions, the mean funda- mental frequency for FG-Λ is highest and correspond COV is low as compared to other distribution. Table 8 shows the effects of support boundary conditions, foundation parameters and CNTRC distribution with uncorrelated random system properties {b i , (i = 1to16) = 0.1} on the dimensionless mean and COV of fundamental frequency of CNTRC beam supported with (WF) and without (WOF) elastic foundation using SOPT and MCS. Among the different support conditions (SS, CC, and CS), dimensionless mean fundamental frequency of a clamped sup- ported beam is highest while COV is highest for CS supported beam. It is because of less number of edge constrains present for CC supported beam. The dimensionless beam and COV of the fundamental frequency is lowered for elastically supported (WF) beam as compared to without supported (WOF) beam.
The effect of temperature increments and foundation parameters with all random system properties {b i , (i = 1to16) = 0.10} on the PDF of nonlinear fundamental frequency of elastically supported beam by variation of UD, FG-X and FG-Λ is shown in Fig. 6 . The temperature increment and foundation parameter makes the beam more sensitive in terms of the mean and variance of nonlinear fundamental frequency. As expected, the mean fundamental frequency for FG-Λ is highest and correspond COV is low as compared to other distribution. The effect of COC on the PDF of nonlinear fundamental frequency and combined random variables {b i , (i = 1to16) = (0.05 − 0.20)} on COV with and without foundation for UD, FG-X and FG-Λ Λ is shown in Fig. 7 . As the COC increases from 0.05-0.20, the dispersion in PDF increases due to more deviation from the nonlinear fundamental frequency considering with and without foundation.
The of volume fraction on the PDF of nonlinear fundamental frequency and combined random variables {b i , (i = 1to16) = 0.10} on COV with and without foundation for UD, FG-X and FG-Λ Λ is shown in Fig. 8 . As the volume fraction increases, the mean nonlinear fundamental frequency and dispersion in PDF increases. Considering the effect of foundation, the nonlinear fundamental frequency increases with increase in volume fraction and gives higher values as compared to without foundation. The effect of amplitude ratio on the PDF of nonlinear fundamental frequency and combined random variables {b i , (i = 1to16) = 0.10} on COV with and without foundation for UD, FG-X and FG-Λ is shown in Fig. 9 . As the amplitude ratio increases, the nonlinear fundamental frequency and dispersion in PDF increases. Considering the effect of foundation, the nonlinear fundamental frequency increases with increase in amplitude ratio and gives higher values as compared to without foundation.
The effect of temperatures and foundation parameters with combined random variables {b i , (i = 1to16) = 0.10} in the case of UD, FG-X and FG-Λ CNTRC distribution on the dimensionless mean and COV of nonlinear fundamental frequency of simply supported CNTRC beam using SOPT is shown in Fig. 10 . As the temperature gradient increases, COV of nonlinear fundamental frequency increases. Considering the effect of foundation, the COV of nonlinear fundamental frequency increases with respect to temperature increment and gives lower values as compared to without foundation. It is because of temperature increments lowers the stiffness of the beam. The results of dimensionless mean and COV of nonlinear fundamental frequency are in good agreements with SOPT and independent MCS approaches which shows the validity and efficacy of present approaches. The CNTRC elastically supported beam is more sensitive in terms of mean and COV of natural frequency by random change in system properties of E cn 11 , Vcn, Vm and k 2 . Tight control of these random parameters is required for high reliability of CNTRC elastically supported beam. For the given UD, FG-X and FG-Λ distributed CNTRC, the nonlinear frequency of FG-X is highest while COV of UD distribute CNTRC is highest. Extra care should be taken in the UD CNTRC distribution. For the given elastic foundations, the shear foun-dation has a dominant effect in terms of the mean and COV of natural frequency. Proper control of shear foundation is required of the high reliability of the elastically supported CNTRC beam. As amplitude ratio increases, the mean and corresponding COV of fundamental frequency increases.Temperature increment makes the CNTRC beam more sensitive in terms COV. Therefore, for high temperature applications, strict control of temperature is highly desirable for reliability of structures. For reliability point of view, thick, clamp supported, high volume fraction of CNTRC beam should be preferred.
Conclusion
